The notion of Igusa-Todorov algebras is introduced in connection with the (little) finitistic dimension conjecture, and the conjecture is proved for those algebras. Such algebras contain many known classes of algebras over which the finitistic dimension conjecture holds, e.g., algebras with the representation dimension at most 3, algebras with radical cube zero, monomial algebras and left serial algebras, etc. It is an open question whether all artin algebras are Igusa-Todorov. We provide some methods to construct many new classes of (2-)Igusa-Todorov algebras and thus obtain many algebras such that the finitistic dimension conjecture holds. In particular, we show that the class of 2-Igusa-Todorov algebras is closed under taking endomorphism algebras of projective modules. Hence, if all quasi-hereditary algebras are 2-Igusa-Todorov, then all artin algebras are 2-Igusa-Todorov by [V. Dlab, C.M. Ringel, Every semiprimary ring is the endomorphism ring of a projective module over a quasihereditary ring, Proc. Amer. Math. Soc. 107 (1) (1989) 1-5] and have finite finitistic dimension.
Introduction
Throughout the paper, we work on artin algebras and finitely generated left modules. Let A be an artin algebra. Recall that the (little) finitistic dimension of A, denoted by findim A, is defined to be the supremum of the projective dimensions of all finitely generated modules E-mail address: weijiaqun@njnu.edu.cn. 1 of finite projective dimension. The famous (little) finitistic dimension conjecture claims that findim A < ∞, for any artin algebras A [24] . The conjecture is still open and is related to many other homological conjectures (e.g., the Gorenstein symmetry conjecture, the Wakamatsu-tilting conjecture and the generalized Nakayama conjecture).
Only few classes of algebras were known to have finite finitistic dimension, see for instance [7] [8] [9] , etc. In 1991, Auslander and Reiten [3] proved that findim A < ∞ if P <∞ , the category of all A-modules of finite projective dimension, is contravariantly finite. However, Igusa, Smalø, and Todorov [11] provided an example of artin algebras of finite finitistic dimension over which P <∞ is not contravariantly finite.
In studying the finitistic dimension conjecture, Igusa and Todorov [12] introduced a functor which is, in turn, shown to be very powerful to prove the finiteness of the finitistic dimension of some algebras [15, 18, 19] , etc. In particular, they proved that findim A is finite provided that the representation dimension of A, another important homological invariant introduced by Auslander [2] , is at most 3. Note that, though the representation dimension of an artin algebra is always finite [13] , there is no upper bound for the representation dimension of an artin algebra [14] .
Using the Igusa-Todorov functor defined in [12] , Xi [18] [19] [20] developed some new ideas to prove the finiteness of finitistic dimension of some artin algebras. In particular, he introduced the left idealized extension and proved that the finitistic dimension conjecture holds for all artin algebras if and only if the finiteness of findim R implies the finiteness of findim A, for any pair A, R such that R is a left idealized extension of A [18] .
In this paper, we will continue the study of the finitistic dimension conjecture based on the full understanding of ideas from [12, 15, 18, 19] , etc. Our point is to study Igusa-Todorov algebras, which were introduced in this paper. Such algebras contain many algebras over which the finitistic dimension conjecture holds, e.g., algebras of representation dimension at most 3, algebras with radical cube zero, monomial algebras and left serial algebras, etc. We provide many Igusa-Todorov algebras. In fact, we expect that all artin algebras are Igusa-Todorov.
Our results can be stated as follows. 
Finitistic dimension
Let A be an artin algebra. We denoted by A-mod the category of all (finitely generated) Amodules. If M is an A-module, we use pd A M to denote the projective dimension of A M and use Ω i A M to denote the i-th syzygy of M (we set Ω 0 A M := M). We denote by add A M the category of all direct summands of (finite) direct sums of M.
As known from the introduction, the Igusa-Todorov functor defined in [12] is a powerful tool to show the finiteness of the finitistic dimension of some algebras. The following lemma collects some important properties of this Igusa-Todorov functor.
Lemma 2.1. For any artin algebra A, there is a functor Ψ which is defined on the objects of A-mod and takes non-negative integers as values, such that
Motivated by the properties of this functor, we introduce the following notion and prove Theorem 1.1.
Definition 2.2.
Let A be an artin algebra and n be a non-negative integer. Then A is said to be n-Igusa-Todorov if there exists a module V such that for any A-module M there is an exact sequence While the detailed discussion of most (small) Igusa-Todorov algebras is left to the next section, we present here an important class of n-Igusa-Todorov algebras. Let A be an artin algebra and n be a non-negative integer. A is said to be Ω n -representation-finite, provided that Ω n A (A-mod) is of finite type, i.e., the number of non-isomorphic indecomposable A-modules appeared in Ω n A (A-mod) is finite.
Proof. In fact, pd
A M pd A (Ω n A M) + n = Ψ (Ω n A M) + n Ψ (V 1 ⊕ V 2 ) + 1 + n Ψ (V ) + 1 + n < ∞,
Proposition 2.5. Let A be an artin algebra and n be some non-negative integer. If
where N is the direct sum of nonisomorphic indecomposable A-modules which appear in Ω n+1
A (A-mod). 2
We now recall definitions and show that some of the well known classes of algebras are 0-or 1-Igusa-Todorov. Let A be an artin algebra. A is called weakly stably hereditary if every indecomposable submodule of a projective module is either projective or simple, see [19, Lemma 4.8] . A is called a monomial algebra, provided that A kΓ /I , where Γ is a quiver and I an ideal generated by certain paths in kΓ . A is called left serial, provided that A is a finite direct sum of uniserial left ideals, in other words, of left ideals each having a unique finite composition series. 
Proof. (1) If A is weakly stably hereditary, then it is Ω-representation-finite.
(2) Both monomial algebras and left serial algebras are Ω 2 -representation-finite, by Zimmermann-Huisgen's results [22] and [23] respectively. 2
Let A and R be artin algebras. Following [18] , we say that R is a left idealized extension of A, provided that A ⊆ R has the same identity and rad A is a left ideal in R. It was shown that every finite dimensional algebra admits a chain of left idealized extensions which is of finite length and ends with a representation-finite algebra [18, Lemma 4.6] .
The following lemma provides an important property on left idealized extensions, which was proved in [18, Erratum, Lemma 0.1].
Lemma 2.7. Let R be a left idealized extension of A. Then, for any
Left idealized extensions can help us obtain Igusa-Todorov algebras, as the following result shows. We refer the reader to the paper [19] for algebras satisfying the conditions in the proposition. Proposition 2.8. Let A be an artin algebra. 
Theorem 2.9. Let A be an artin algebra, such that there exists a chain of artin algebras
as A i+1 -modules for some X i+1 , P i+1 ∈ A i+1 -mod and A i+1 P i+1 projective. Thus we have the following exact sequence of A i+1 -modules, where P i+1 is the projective cover of Ω A i+1 (X i+1 ):
Assume now that R is n-Igusa-Todorov with an Igusa-Todorov module R V , for some n. Then we have the following exact sequence of R-modules (i.e., A m -modules), where V , V ∈ add R V and all R j are projective R-modules:
It is easy to see that all these exact sequences can be restricted to the exact sequences of Amodules. Thus we can combine all these exact sequences and obtain the following exact sequence of A-modules:
Assume now pd A X 0 < ∞. Since pd A A i+1 < ∞ for each 0 i m − 1 by assumptions, all R j and P i , P i are of finite projective dimension as A-modules. Thus we obtain that pd A (Im f ) < ∞. Hence, by Lemma 2.1, we have that
Thus, the finitistic dimension of A is finite. 2
Small Igusa-Todorov algebras
This section is devoted to the study of small Igusa-Todorov algebras, i.e., n-Igusa-Todorov algebras with n 2. We will present some classes of small Igusa-Todorov algebras and provide some methods to construct small Igusa-Todorov algebras from the old ones. Moreover, we prove a close-property of 2-Igusa-Todorov algebras.
Let (
a) A is a stably hereditary algebra; (b) A is a special biserial algebra; (c) A is the trivial extension of an iterated tilted algebra; (d) A is a left (right) glued algebra; (e) A is a tilted algebra; (f) A is a strict laura algebra; (g)
A is an algebra with radical square zero.
Proof. (1) Assume that
A is an algebra of representation dimension at most 3 with an Auslander generator A V . It is well known in this case that, for any M ∈ A-mod, there is an exact sequence (2) All these algebras have representation dimension at most 3. This was proved for (a) and (g) in [17] , for (b) in [6] , for (c) and (d) in [4] , and for (e) and (f) in [1] . Thus (2) follows immediately from (1). 2
The following proposition gives another class of 0-Igusa-Todorov algebras. (1) Let C I (resp., C J ) be the direct sum of all non-isomorphic indecomposable A/I -modules (resp., A/J -modules). Then it is easy to see that A C 1 ∈ add A C I and A C 2 ∈ add A C J . Now consider the following pullback diagram, where the right column is taken such that A P is the projective cover of A C 2 .
0 0
It is easy to see that A is 0-Igusa-Todorov with an Igusa-Todorov module C I ⊕ Ω A C J ⊕ A, from the middle column in the diagram.
(2) Let C I (resp., C J ) be the direct sum of all non-isomorphic indecomposable A/I -modules (resp., A/J -modules in Ω A/J (A/J -mod)). Then it is easy to see that A C 1 ∈ add A C I and Proof. All these algebras had been proved in [18] to satisfy the assumption (1) The following result shows that we can also obtain 1-Igusa-Todorov algebras from 0-IgusaTodorov algebras by using left idealized extensions. Moreover, it shows that left idealized extensions can also help us construct 2-Igusa-Todorov algebras from 1-Igusa-Todorov algebras. 
Proof. By Lemma 2.7, for any Y ∈ Ω 2
A (A-mod), we have Y Ω R Z ⊕ Q as R-modules for some Z, Q ∈ R-mod with R Q projective. Thus (1) follows directly from this fact.
Assume now R is a 1-Igusa-Todorov algebra with an Igusa-Todorov module R V , then we obtain an exact sequence of R-modules
is also an exact sequence in R-mod. Now restricting the latter to an exact sequence in A-mod, it is easy to see that A is a 2-Igusa-Todorov algebra with an Igusa-Todorov module A V ⊕ A R. Thus (2) follows. 2
We note that the above result generalizes [18, Theorem 4.5] , where it was proved that, if A has a left idealized extension B and B further has a left idealized extension C, then representationfiniteness of C implies that the finitistic dimension of A is finite. Example 2. Let C be an algebra (over a field) given by the following quiver with relations:
Then C is a subalgebra of the algebra A in Example 1 and rad C is a left ideal of A. Since A is 1-Igusa-Todorov, C is 2-Igusa-Todorov by Theorem 3.6, and consequently, the finitistic dimension of C is finite.
2-Igusa-Todorov algebras also arise from endomorphism algebras, as the following result shows. The above result actually provides many 2-Igusa-Todorov algebras.
Corollary 3.8. Let A be an artin algebra of representation dimension at most 3. Assume that A M is an Auslander generator.
Proof. By [10, Theorem 1.1 and Corollary Proof.
(1) It is well known that if A is representation finite, then the representation dimension of A is at most 2 and the direct sum of all non-isomorphic indecomposable modules is an Auslander generator. Thus the conclusion follows from Proposition 3.7.
(2) If A is a string algebra, then the representation dimension of A is at most 3 and the direct sum of all string modules which are projective, injective or serial is an Auslander generator, by [6] . Now, the conclusion also follows from Proposition 3.7. 2
We now provide an important method to construct new 2-Igusa-Todorov algebras from the old ones. The above result in fact shows that the class of all 2-Igusa-Todorov algebras is closed under taking endomorphism algebras of projective modules.
Note that results in [21] are just special cases of this result.
Example 3. Let D be an algebra (over a field) given by the following quiver with relations:
Then it is easy to see that D is an endomorphism algebra of a projective module over the algebra C in Example 2. Since C is 2-Igusa-Todorov, D is also 2-Igusa-Todorov, by Theorem 3.10, and hence the finitistic dimension of D is finite.
A question raised from [21] is whether every quasi-hereditary algebra has representation dimension at most 3. More generally, it was asked in [16] whether every quasi-hereditary algebra has a left idealized extension which is a monomial algebra or an algebra with representation dimension at most 3. Since every artin algebra can be realized as an endomorphism algebra of a projective and injective module over a quasi-hereditary algebra, results in this paper implies that if it is the case, then all artin algebras are 2-Igusa-Todorov.
In general, one may ask the following question.
Problem. Are all artin algebras Igusa-Todorov?
Of course, the affirmative answer to the problem will imply the finitistic dimension conjecture holds for all artin algebras.
